Abstract: Mie theory is one of the main tools describing scattering of propagating electromagnetic waves by spherical particles. Evanescent optical fields are also scattered by particles and exert radiation forces which can be used for optical near-field manipulations. We show that the Mie theory can be naturally adopted for the scattering of evanescent waves via rotation of its standard solutions by a complex angle. This offers a simple and powerful tool for calculations of the scattered fields and radiation forces. Comparison with other, more cumbersome, approaches shows perfect agreement, thereby validating our theory. As examples of its application, we calculate angular distributions of the scattered far-field irradiance and radiation forces acting on dielectric and conducting particles immersed in an evanescent field.
Introduction
The scattering of light by various particles appears in a variety of optical processes, with applications ranging from microscopy to astrophysics. A fundamental solution describing electromagnetic wave scattering by a spherical particle was found in 1908 by Gustav Mie [1] . Since then, the Mie theory has become the main tool for characterization of particle-induced light scattering [2] [3] [4] . In addition to the properties of scattered light, this theory allows calculation of radiation forces exerted on particles. Such forces are of great importance for optical manipulations [5] and for investigations of the fundamental physical properties of electromagnetic fields [6] .
With the development of near-field optics and plasmonics [7] [8] [9] , evanescent electromagnetic waves have attracted enormous interest, both for theory and applications. In particular, the evanescent-wave scattering by small particles and accompanying radiation forces are important in modern optics. Analogues of the Mie theory for evanescent waves were elaborated [10] [11] [12] [13] , while the radiation forces from evanescent fields were extensively examined theoretically [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and experimentally [24] [25] [26] [27] [28] [29] [30] [31] . Most of these Mie-type approaches are based on a straightforward expansion of the incident evanescent wave in a series of vector spherical harmonics and the subsequent reproduction of the Mie procedure, which results in rather cumbersome calculations [10] [11] [12] [13] [14] [15] [16] [17] . Alternatively, one can treat analytically the simplest approximation of the dipole Rayleigh scattering of evanescent waves by small (much less than the wavelength) particles [19] [20] [21] [22] [23] .
In this paper we put forward a much simpler method for the calculation of the Mie scattering and optical forces with an evanescent incident field. Our approach uses the fact that an evanescent wave can be represented as a regular z-propagating plane wave which is geometrically rotated by a complex angle. Therefore, using the rotational symmetry of the Mie problem, we find that the scattered field can also be obtained by applying the same complex-angle rotation to the well-known Mie-theory solutions. In other words, one does not need to solve a new problem but only apply a simple geometric transformation to the known solutions. Naturally, our results coincide with those obtained by previous exact methods [10] [11] [12] [13] [14] [15] or in the dipole-scattering approximation for small particles [19] [20] [21] [22] [23] . However, our approach offers significant advantages, including a much more transparent and time-saving procedure, use of the well-elaborated Mie-theory calculation schemes, existing software codes, etc.
To demonstrate several applications of our method, we first calculate the far-field scattering diagrams for different evanescent-wave polarizations and particle sizes, and then compare them with the usual Mie-theory diagrams for the incident plane wave case. Second, we compute optical forces exerted on dielectric particles in an evanescent field from a totallyreflecting interface, and show that our results coincide with those previously reported in [13, 22, 23] . Finally, we calculate the optical force on metallic particles and address the problem of the positive vertical force repelling the particle from the surface [14, 15, 19, 20, 23, 24, 31] . Note that, as in most other works, we neglect multiple reflections from the surface limiting the evanescent field. More accurate treatments [16, 17, [19] [20] [21] 23, 32] show that the influence of these reflections can be neglected in a wide range of parameters: e.g., in calculations of the parallel components of the force, and for particle sizes of the order of the wavelength and not exhibiting resonances. Even in cases where multiple-scattering effects must be taken into account, the single scattering of a pure evanescent wave is the first step, and it can be facilitated by the approach proposed here.
Incident field configuration
The standard formulation of the Mie scattering theory starts with an incident monochromatic plane wave propagating along the z axis, with wavevector ( )
, whereas the center of the particle is located at the origin ( )
, , x y z = 0 . Complex electric and magnetic field amplitudes of the incident wave are written as
Here the subscripts  and ⊥ denote the p -and s -polarizations with respect to the ( )
is the wave number [ ω is the frequency, c is the velocity of light in vacuum, and throughout the paper we omit the common factor ( ) 
where ( )
is the rotation matrix which acts on the Cartesian components of the vectors. Explicitly, Eqs. (2) and (3) sin
Here the transformation of coordinates Importantly, the simple expressions Eqs. (2)- (4), which describe an obliquely-propagating plane wave, can also describe evanescent plane waves decaying away from the 0 z = plane (Fig. 1) . Indeed, consider now the complex propagation angle γ given by:
In this case, the rotation matrix (3)
and the incident field is obtained by the corresponding modifications of Eqs. (4):
with wavevector ( )
. Equation (7) describe an evanescent plane wave propagating in the x -direction and decaying in the positive z -direction, see Fig. 1 . It is useful to consider the time-averaged densities of the electromagnetic energy and momentum in the evanescent field (7). They are determined by the well-known relations [2] ( ) ( )
where
in the Gaussian system of units ( 1 2 
As expected for an evanescent field, the z-directed momentum component vanishes and the energy flows parallel to the 0 z = plane. It is worth noticing that the x component of the momentum transports the energy and can be written as
is the wave group velocity, and x p is essentially combined from orbital and spin contributions as described in [33, 34] . At the same time, the transverse momentum In practice, one of the standard ways to generate the incident evanescent wave (7) is to use the total internal reflection. For instance, let the plane z h = − be the dielectric interface separating two media, with parameters 1
E with the p -and s -polarized field components 0 E  and 0 E ⊥ impinges on the interface from the z h < − half-space at an angle of incidence 1 θ , such that the condition for total internal reflection 1 1 sin n n θ > is realized.
Then, the transmitted field at z h > − calculated via the corresponding Snell-Fresnel formulae [2] will be the evanescent wave Eq. (7) with parameters 
One can notice that the complex angle of rotation γ , determined by Eqs. (5) and (10), is just the complex angle of refraction which formally follows from Snell's law under the totalreflection conditions [2] . Note also that the evanescent wave generated at the distance h from the 0 z = plane acquires the amplitude attenuation factor ( )
Complex-angle Mie theory: Scattered field and radiation forces
Considering light scattering by a spherical particle of radius a with electromagnetic parameters p 
The total field is given by the vector summation of the incident and scattered fields:
, .
The fairly simple Eqs. (6), (7), (12)- (14) (supplemented with the standard Mie formulas in Appendix A) represent the central results of this paper, namely, the complex-angle Mie theory for evanescent incident waves. This theory is mathematically equivalent to the previous exact methods [10] [11] [12] [13] [14] [15] based on the explicit expansion of the incident evanescent field in spherical functions and the boundary-problem solution (we show this in Section 4). However, our method is free from tedious analytic transformations and the whole calculation requires only the standard Mie formulas derived for the z-directed incident plane wave. Hence, it offers considerable advantages, such as well-developed theoretical approaches, elaborated calculation schemes, and available computer software codes. To demonstrate the ability of our method to characterize the Mie scattering of evanescent waves using the same code as for the standard Mie theory, in Figs. 2 and 3 we plot angular diagrams of the irradiance of the scattering far-fields Eqs. (12) and (13) for different polarizations and particle sizes. One can see there that for small particles, 1 ka  (the dipole Rayleigh scattering case), the scattering indicatrix is entirely similar for the s-polarized propagating and evanescent incident waves (Fig. 2) , whereas for larger particles, 1 ka ≥ , the evanescent-wave scattering acquires a natural x x ↔ − asymmetry. For the p-polarized incident fields (Fig. 3) , the scattering patterns for the propagating and evanescent incident waves differ from each other even for small dipole particles. This is because a p-polarized evanescent field inevitably possesses a non-zero z-component, see Eq. (7). It should be noticed that the far-field scattering diagrams have somewhat restricted meaning for the incident evanescent field because of the inevitable presence of an interface bounding the evanescent wave. Nonetheless, they can indicate characteristic features of the scattered field, particularly in the directions parallel to the interface. One of the important applications of the Mie theory is the calculation of the optical force exerted on a particle by the total electromagnetic field Eq. (14) . This force is determined by the Maxwell stress tensor
Integrating the stress tensor components over any surface A enclosing the particle (e.g., a sphere { } S r R = = , R a > ), we obtain the optical force: 
Radiation forces: Comparison with other approaches and new applications
To verify the validity of our method, we apply the complex-angle Mie theory to problems involving optical forces from evanescent fields. We assume that a spherical particle of radius a lies on the totally-reflecting surface z a = − [13, 18] , so that its center is positioned at 0 z = , and the incident evanescent wave is described by Eqs. (7), (10) , and (11) with h a = . Fig. 4 . Dimensionless radiation force components , 0 / x z F P versus the particle-size parameter ka for a dielectric particle lying on a total-reflecting surface. The parameters of the particle and incident field are given by Eqs. (7), (10), (11), and (17) . First, following the well-established approach of Refs [13, 14] , we consider a dielectric particle and either p-polarized 
(Recall that parameters with the subscript "1", without subscript, and with subscript "p" correspond to the high-index medium, low-index medium, and particle, respectively.). Using Eq. (10) a E ε used in [13, 14, 18] . Figure 4 shows the optical force components x F and z F versus the particle size parameter ka , calculated using the complexangle Mie theory Eqs. (6), (7), (10)- (16), i.e., via numerical evaluation of the scattered field Eqs. (12), (13) and the force integral Eq. (16) . These data are superimposed over the data obtained in [13] using a considerably more complex theory. Evidently, there is an excellent agreement between the two approaches. (Small deviations can be attributed to the accuracy of numerical calculations and to graphic distortions in the printed copy of [13] .) Second, we compare the results of our calculations of radiation forces for small particles 
The same expressions can be derived in the first electric-dipole-scattering approximation [i.e., keeping only the terms with the coefficient 1 a of Eq. (A4)] of our complex-angle Mie theory Eqs. (12) 
(which yields sinh 0.086 α  ), we calculate the optical force components for various complex values of the particle permittivity p ε . In Table 1 we show the comparison of the forces obtained from the exact complex-angle Mie-scattering calculations and from the dipoleapproximation Eqs. (19) and (20), both for the s-polarized incident wave. Evidently, the agreement is very good, with deviations within a few percent caused by the accuracy of the dipole approximation. Thus, we have shown that the complex-angle Mie theory results for the radiation forces are fully consistent with other approaches and approximations. Now we demonstrate an application of the proposed theory to the study of optical forces in evanescent fields. The most interesting situations occur in the case of conducting particles. For dielectric particles, the force z F is usually negative in the range of parameters considered [13, 14, 18, 20, 23 ] (see Fig. 4 ), i.e. attracts a particle towards the surface. It was suggested in [14] that the particle's conductivity can be a source of the positive z F ; here we consider how this effect can be evaluated using our complex-angle Mie theory.
We first consider a gold particle in water, Fig. 5(a) . This case is characterized by a significant imaginary part of the permittivity F is always positive. The perfect-metal model qualitatively represents optical properties of some well-conducting metals at frequencies below the plasmon resonance [2] . All components of the normalized optical force exerted on conducting particles show a rather fast attenuation when the particle size increases, which can be attributed to the influence of absorption. The suppressed penetration of the radiation inside the particle and thus absence of the in-particle resonances is likely responsible for the fact that in Fig. 5(b) there are no oscillations, in contrast to the case of a dielectric particle (Fig. 4) . Finally, we characterize the physical origin of the optical forces considered above. In all cases, 0 x F > , i.e., the force x F is directed along the field momentum x p (9) . This enables us to associate the horizontal force with the surface energy flow of the evanescent field [the momentum component y p (9) vanishes in the case of s-or p-polarizations]. At 1 ka  , the horizontal force grows as 6 x F a ∝ in Fig. 4 and in Fig. 5(b) , which is typical for the electromagnetic momentum action on particles with real polarizability in the dipole approximation [37, 38] . In contrast, case of small particles, within the dipole-scattering approximation [19] [20] [21] [22] [23] . At the same time, the complex-angle Mie theory offers considerable advantages including a more transparent and time-saving procedure, use of well-elaborated calculation schemes and software codes.
We have illustrated the efficiency and applications of our approach by calculating the angular distributions of the far field scattered from the incident evanescent wave as compared to the known case of the propagating plane-wave incidence. Noteworthy, essentially the same code was used for both cases. Furthermore, we have examined the radiation forces exerted on various dielectric and metallic particles immersed in the evanescent field from a totalreflecting dielectric interface. All calculations were made for s and p linear polarizations of the incident wave and for different particle sizes. We have found that the vertical force can be repulsive for metallic particles with size comparable to the wavelength, in agreement with previous anticipations [14, 15, 19, 20, 23, 24, 31] .
Appendix A: Mie scattering formulas
Here we collect formulas of the standard Mie theory. We mostly follow [4] but modify and adapt the Mie equations with special attention to the scattering near field and to the radial components which are typically omitted. As usual, it is assumed that a spherical particle of radius a (placed at the origin) with electromagnetic parameters p ε , p μ , p p p n ε μ = scatters the incident z-propagating plane wave (1) in a medium with parameters ε , μ , and n εμ = .
Using spherical coordinates ( ) , ,r θ φ introduced with respect to the ( )
, , x y z coordinates (see Fig. 1 ), the scattering is described with respect to planes determined by the azimuthal crosssections const φ =
. In this manner, the in-plane and out-of-plane components of the amplitudes of the incident field (1) 
